




















$(\pi \mathcal{O}=J(\mathcal{O}))$ , $k=\mathcal{O}/\pi \mathcal{O}$
$p$
$R$ $\mathcal{O}$ $k$ $RG$ $G$ $R$
$RG$ ( $RG$-lattice) $R$ ( )
$RG$- $(K, \mathcal{O}, k)$ “ ”
$(\neq)$ :
$(K, \mathcal{O}, k)>(K’, \mathcal{O}’, k’=\mathcal{O}’/\pi’\mathcal{O}’)$
$(\neq)$ $k’=k=\overline{k}$ $\nu$ $\nu’$ 3 (
$\pi’\in\pi^{3}\mathcal{O})$
$RG$ $B$ $RG$
( ) $e(=e^{2}\in Z(RG))$
$B=(RG)e$ $RG$- $L$ $B$
$(L=Le)$ . $L$ B- $L$ $B$
[NT]
$B$ Auslander-Reiten $\Gamma(B)$ $\Gamma(B)_{0}$
$\Gamma(B)_{1}$
:
. $\Gamma(B)_{0}=${ $B$- $[L]$ }
. $\Gamma(B)_{1}=${ $[M]arrow[L]$ “ ” }
$f$ : $Marrow N$ $f=gh$ $g$
$h$
$\mathcal{A}:0arrow Narrow Marrow fLarrow 0$ 3
:
1872 2014 140-150 140
(1) $L$ $N$ ;
(2) $\mathcal{A}$ ;
(3) $g$ : $Xarrow L$
$h$ : $Xarrow M$ $g=fh$
$L$ $L$
Auslander-Reiten $L$
$\mathcal{A}(L)$ : $0arrow\tau Larrow m(L)arrow Larrow 0$ $(\tau$
Auslander-Reiten ). $R=\mathcal{O}$ $\tau=\Omega$ ( $\Omega$ Heller
$\Omega L$ $L$ projective cover : $0arrow\Omega Larrow P_{L}arrow Larrow 0$) $R=k$
$\tau=\Omega^{2}$ $m(X)=\oplus_{i=1}^{t}M_{i}$
[Auslander-Reiten] $0arrow Narrow\oplus_{i=1}^{t}M_{i}^{(f_{1}\cdots f)}arrow Ltarrow 0$
(1) $:M$ $arrow Lf_{i}(i=1, \cdots, t)$
(2) $M$ $L$ $M$ $M_{i}$
Auslander-Reiten
Auslander-Reiten [ARS], [ASS], [B]
[Y]
Auslander-Reiten $AR$-
$AR$- $\Theta$ tree $T$
$\mathbb{Z}T$ $\mathbb{Z}T$ $\Pi$ $(\Theta\cong \mathbb{Z}T/\Pi)$






: ::: . $\cdots\cdots$
$\backslash \nearrow\backslash \nearrow\backslash \nearrow\backslash /$
$\cdots\cdots$ . . $\cdots\cdots$
$\nearrow\backslash .\nearrow\backslash .\nearrow\backslash .\nearrow\backslash$
$\backslash \nearrow\backslash \nearrow\backslash \nearrow\backslash /$. . $\cdots\cdots$
$\nearrow\backslash .\nearrow\backslash ./\backslash .\nearrow\backslash$
$\cdots\cdots \backslash ./\backslash ./\backslash .\nearrow\backslash .\nearrow\cdots\cdots$
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$RG$ ( $R$ $\mathcal{O}$ k) tree class Webb [We].
[Webb] $k=\mathcal{O}/\pi \mathcal{O}$ $RG$ $B$
$B$ $AR$- $\Theta$ tree class $A_{\infty}$
$D_{\infty}$ : . $\cdots\cdots$ $\cdots$ , $A_{\infty}^{\infty}$ : $\cdots$ ..– $\cdots\cdots$
$]$ , Euclidean diagram
$\Theta$ $RG$- $\Theta$ tree class $A_{\infty},$ $D_{\infty},$ $A_{\infty}^{\infty}$
$B$ $B$-
$kG$ $B$ $B$ “ ”






[Erdmann] $k$ $kG$ $B$ wild $B$
$AR$- tree class $A_{\infty}$
$kG$ $B$ $B$ $AR$- tree class $A_{n}$
$p=2$ $B$ dihedral semidihedral $B$ tube
$AR$- troe class $A_{\infty}^{\infty},\tilde{A}_{12},$ $D_{\infty}$ [E2].
$(R=\mathcal{O})$ $\mathcal{O}G$ $B$
Dieterich$[D1]$ Wiedemann[Wil], [Wi2] Auslander-Reiten
$\mathcal{O}G$ $B$ $AR$-
$\mathcal{O}$ $(\#)$ $B$ $AR$- tree
class
(i) $\mathcal{O}_{G}$ $AR$- troe class $A_{\infty}$ [IK].
(ii) $AR$- tree class $A_{\infty}$ [K4].
(iii) $p$ $mod \pi$ $B$-
$AR$- troe class $A_{\infty}$ $[K5].$
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$\mathcal{O}_{G}$ $\mathcal{O}$ $G$ ( ) $\mathcal{O}G$-
$(x\in \mathcal{O}, g\in G xg=x)$ .
(
)
[K3] $\mathcal{O}$ $(\#)$ $B$ $\mathcal{O}G$ $\Theta$ $r(B)$
$AR$- $\Theta$ Heller $\Theta$ tree class $A_{\infty}$
$kG$ $V$ $V$ $\mathcal{O}G$ $P_{V}$
$Z_{V}$ $V$ Heller :
$0arrow Z_{V}arrow P_{V}arrow Varrow 0$ ( ).
$P_{V}$ $\mathcal{O}G$- $\mathcal{O}$- $Z_{V}$ $\mathcal{O}G$-
$kG$- $S$ Heller $S$ $kG$-
$\overline{P}$
$\mathcal{O}G$- $P$ $:P/\pi P\cong\overline{P}$. $P$ $S$ $\mathcal{O}G$-
$P$ rad$(P)$ $S$ Heller $(K, \mathcal{O}, k)$
$(\#)$ Heller [K2, K2’].
$\mathcal{O}$ $(\#)$ $B$ $\mathcal{O}G$
$\Gamma(B)$ $AR$- tree class $A_{\infty},$ $D_{\infty},$ $A_{\infty}^{\infty}$ (Eucledian
).
$AR$- $\Theta$ $\Theta$ tree class Webb
$A_{\infty},$ $D_{\infty},$ $A_{\infty}^{\infty}$ $AR$- $\Theta$ $P$ (
rad$(P)arrow P$ ) $\Theta$ $P$ rad$(P)$ rad$(P)$ Heller
$\Theta$ tree class $A_{\infty}$
$B$ $D$ $B$ $M$ $B$
$RD$- $S$ $M$ $S\otimes_{RD}RD$
$p$- $p^{a}$ $G$ Sylow






{ $H\leq G$ $\exists RH$- $S$ $L$ $S\otimes_{RH}RG$ }
$L$
$H$ $L$ $S\otimes_{RH}RG$ $L$ $RH$-
$S$ $L$ $H$-
$0$ ( [$Kn$ , Proof of Corollary 4.7]
).
$B$ $0$ $0$
$B$ $D$ D- $P$
Carlson-Jones[CJ] $\mathcal{O}G$ exponent exponential property
[Carlson-Jones] $\mathcal{O}G$- $L$ $\pi^{a}Id_{L}(\in$ End$oc(L))$ projective
( ) $\pi^{a}$ $L$ exponent
$\exp(L)=\pi^{a}$ $L$ exponential property $\exp(L)=\pi^{a}$ $\pi^{a-1}Id_{L}$
almost projective $L$ $\pi^{a-1}Id_{L}$ pull back
$\mathcal{A}(L)$ :
$\mathcal{A}(L):0arrow\Omega Larrow m(L)arrow Larrow 0$
$\Vert$
$\downarrow$ pull back $\downarrow\pi^{a-1}$Id $L$
$0arrow\Omega Larrow P_{L} arrow Larrow 0$
$\mathcal{O}G$- $L$ (irreducible) $K\otimes_{\mathcal{O}}L$ $KG$-
Kn\"orr[Kn] virtually irreducible
$(K, \mathcal{O}, k)$ $(\neq)$ Carlson-Jones exponential
property [CJ, Section 4].
[Kn\"orr] $L$ $\mathcal{O}G$ tr $=trL$ : $End_{\mathcal{O}}(L)arrow \mathcal{O}$
$L$ virtually irreducible :
$\alpha\in Endoc(L)$ $\nu(tr\alpha)\geq\nu(rank_{\mathcal{O}}L)$
$\alpha$ ($\nu$ $\mathcal{O}$ )
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(1) $\mathcal{O}G$- $L$ (irreducible) virtually irreducible
(2) $\mathcal{O}G$- $L$ $p$ virtually irreducible
Kn\"orr [Kn, 4.5 Theorem].
[Kn\"orr] $B$ $\mathcal{O}G$ $D$ $B$- $L$
$D$ $S$ $L$ D- $L$ virtually
irreducible $S$ virtually irreducible
$L$ $0$ $\mathcal{O}G$- $L$ $B$ $D$
$S$ $L$ D-
(1)[$Kn,$ $4.7$ Corollary] $L$ virtually irreducible $S$ virtually irreducible
$rank_{\mathcal{O}}S$ $p$
(2) $\exp(L)=\exp(S)$ ( $\exp(L)=\exp(S)=\pi^{a}$ $\pi^{a-1}Id_{L},$ $\pi^{a-1}Id_{S}$
almost projectve ).
$0$ $\mathcal{O}G$- $AR$-
$L$ $0$ $\mathcal{O}G$- $L$ $B$ $B$ $D$
$S$ $L$ D- $L$ $AR$- $\Theta$ $S$
$(\Gamma(\mathcal{O}D)$ $)$ $AR$- $\Xi$ $\Theta$ tree class $A_{\infty}$
$\Xi$ tree class $A_{\infty}$
$\mathcal{O}G$ Auslander-Reiten
[K2, Proposition 4.5]
1 $L$ Heller $\mathcal{A}(L)$ modulo $\pi$
$kG$- $0arrow\Omega L/\pi\Omega Larrow m(L)/\pi m(L)arrow L/\pi Larrow 0$




2 $\alpha|_{\Theta}:\Theta\ni M\mapsto\alpha(M)\in \mathbb{N}$ $\alpha|_{\Xi}:\Xi\ni N\mapsto\alpha(N)\in \mathbb{N}$
$\Omega$-periodic additive function
$L$ $0$ B- $L/\pi L$ $0$ k$G$-
$D$ 1
3 $\Theta$ B- $D$
$\Xi$ $\mathcal{O}D$- $D$
Inoue-Hieda Green $AR$-
[IH] 3 $D$ $G$
$\Theta$ tree class $A_{\infty}$ $\Xi$ troe class $A_{\infty}$
$T=T_{\Theta}:L_{1}arrow L_{2}arrow\cdotsarrow L_{2n}arrow L=L_{2n+1}arrow L_{2n+2}arrow\cdots\cdotsarrow(\subset\Theta)$
$L_{i+1}$ $m(L_{i})(m$ ( $L$ $\mathcal{A}(L_{i})$ ) $\Theta=\mathbb{Z}T$
$p^{a-d}\Vert rank_{\mathcal{O}}L_{2i+1}$ ( $L_{2i+1}$ $0$ ) $L_{2i+1}$ virtually
irreducible $P^{a-d+1}|rank_{\mathcal{O}}L_{2i}$ $D\underline{\triangleleft}G$
$L\downarrow_{D}=\oplus_{g}S^{g}$ ( $g$ $G$ ) Kn\"orr (ii)
$\mathcal{A}(L)\downarrow_{D}=\oplus_{g}\mathcal{A}(S^{g})$







$T—:\cdotsarrow S_{2n}arrow S=S_{2n+1}arrow S_{2n+2}arrow\cdots\cdotsarrow(\subset\Xi)$
walk $AR$- tree class $A_{\infty}$
$AR$- unbounded $\Omega$-periodic additive function
2 additive function $\alpha|_{\Theta}$ $\Theta$ tree class $A_{\infty}$
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$\{\alpha(L_{i})|i=1,2, \cdots\}$ unbounded $\{\alpha(S_{i})|i=1,2, \cdots\}$ unbounded
$\Xi$ tree class $A_{\infty}$
$\Xi$ tree class $A_{\infty}$
$T=T—:S_{1}arrow S_{2}arrow\cdotsarrow S_{2n}arrow S=S_{2n+1}arrow S_{2n+2}arrow\cdots\cdotsarrow(\subset\Xi)$
$S_{i+1}$ $m(S_{i})$ ($m(S_{i})$ $\mathcal{A}(S_{i})$ ) $\Xi=\mathbb{Z}T$
$P\nmid rank_{\mathcal{O}}S_{2i+1}$ $S_{2i+1}$ virtually irreducible
$p|rank_{\mathcal{O}}S_{2i}$
$e=e_{B}$ $B$ $G\underline{\triangleright}D$
$S_{2i+1}\dagger^{G}1_{D}=\oplus_{g\in G/N}S_{2i+1}^{g}$ $S_{2i+1}$ $B$- $(S_{2i+1}\uparrow^{G})e=\oplus_{\lambda}L_{\lambda}$




$S_{t}\uparrow^{G}e$ $L_{t}$ $(t=1,2, \cdots)$
$T_{\Theta}:L_{1}arrow L_{2}arrow\cdotsarrow L_{2n}arrow L=L_{2n+1}arrow L_{2n+2}arrow\cdots\cdotsarrow(\subset\Theta)$
walk $\Theta$ 2 additive function $\alpha|_{\Xi}$
$\{\alpha(S_{i})|i=1,2, \cdots\}$ unbounded $\{\alpha(L_{i})|i=1,2, \cdots\}$ unbounded
$\Theta$ tree class $A_{\infty}$ $\square$
1 $kG$- $S/\pi S$ $p’$-
$S$ $AR$- $\Xi$ tree class $A_{\infty}$ $[K5$ , Theorem
3.1]. $\Theta$ tree class $A_{\infty}$
2 $p=2$ $\mathcal{O}G$- $AR$- tree class $A_{\infty}$
[$K5$ , Proposition 3.4]. $S$ $AR$- $\Xi$ tree class $A_{\infty}$ $\Theta$
tree class $A_{\infty}$
3 $L/\pi L$
$\mathcal{A}(L)$ $m(L)$ : $m(L)=X\oplus Y$
$\mathcal{A}(L)$ modulo $\pi$ $X/\pi X=L/\pi L(Y/\pi Y=\Omega L/\pi\Omega L)$
$X,$ $Y$ $0$ virtually irreducible
[CJ, Theorem 2.4] $\Theta(\ni L)$ tree class $A_{\infty}$ $D_{\infty}$
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$P’$- $\mathcal{O}D$- $AR$- ( $\Xi$) tree class
$D_{\infty}$ [K5, Lemma $3.2|$ :
$\Theta$ tree class $D_{\infty}\Leftrightarrow\Xi$ tree class $A_{\infty}^{\infty}.$
$\mathcal{O}G$ $B$ $\chi$ ( $\in$ Irr$(B)$ ) 2
$B$- $V$ Thompson [Tho].
(i) $V$ $\chi$
(ii) $V/\pi V$ $kG$-
4 3 $\Theta$ tree class $D_{\infty}$ $N_{G}(D)/D$
$|N_{G}(D)/D|$ $L/\pi L$ $\Theta$ tree class
$A_{\infty}$
$\Theta$ tree class $D_{\infty}$ $|T(\Theta)$ : $D|$ ( $T(\Theta)$ $:=\{x\in N_{G}(D)|\Theta^{x}=$
$\Theta\})$ $G=N_{G}(D)$ 2 $p\neq 2$
$L$ $\Theta\cong \mathbb{Z}D_{\infty}$ end $\Theta$ walk
$L_{1}(=L)arrow$ $L_{2}arrow$ $L_{3}arrow$ . . . $arrow L_{t}arrow\cdots\cdots$
$\downarrow$
$\tilde{L}$
$L_{i+1}$ $m(L_{i})$ $(i=1,2, . . .$ $)$ . end
$rank_{\mathcal{O}}L_{2i+1}\equiv\pm 2rank_{\mathcal{O}}L (mod p^{a-d})$
$(i=1,2, . . .$ $)$ , $p\neq 2$ $p^{a-d}\Vert rank_{\mathcal{O}}L_{2i+1}$ , $L_{2i+1}$ $0$




3 $\Xi$ troe class $A_{\infty}^{\infty}$ $\mathcal{A}(S)$ $L_{2}$ D- $S_{2}$
$g\in G$




$(i=1,2, \ldots)$ . $\Xi$
. $..-S_{i}^{g}-\cdots-S_{2}^{g}-S=S_{1}-S_{2}-\cdots-S_{i}-\cdots$ $(\exists g\in G)$
walk $\Theta$ $\Omega$-orbits $(\{\Omega^{m}L_{i}\}_{m\in \mathbb{Z}}\neq$
$\{\Omega^{m}L_{j}\}_{m\in \mathbb{Z}}(i\neq j))$
$\{\Omega^{m}S_{i}\}_{m\in \mathbb{Z}}\neq\{\Omega^{m}S_{j}\}_{m\in \mathbb{Z}} (i\neq j)$
$\Xi$ $\Omega$-orbits $\Xi\cong \mathbb{Z}A_{\infty}^{\infty}$ $g$ $\Xi(\cong$
$\mathbb{Z}A_{\infty}^{\infty})$ graph isomorphism (Aut $(\Xi)$ ) 2
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